Let N be a manifold (with boundary) of dimension ≥ 3, such that its interior admits a hyperbolic metric of finite volume. We discuss the possible limits arising from sequences of relative fundamental cycles approximating the simplicial volume N, ∂N .
Introduction
Gromov defined the simplicial volume N, ∂N of a manifold N as the "minimal cardinality of a triangulation with real coefficients". That means, for an n-dimensional compact, connected, orientable manifold N with (possibly empty) boundary ∂N , define
Here, [N, ∂N ] ∈ H n (N, ∂N ; R) is the image of a generator of H n (N, ∂N ; Z) = Z under the canonical homomorphism H n (N, ∂N ; Z) → H n (N, ∂N ; R).
The simplicial volume quantifies the topological complexity of a manifold. It vanishes for manifolds N with sufficiently simple topology, e.g., when π 1 N and π 1 ∂N are amenable or when N admits a nontrivial S 1 -action, and it imposes restrictions on mapping degrees; if d > Triviality results for the simplicial volume are proved via algebraic topology. Nontriviality is often obtained from geometric structures, e.g., for compact manifolds admitting a metric of negative curvature.
In particular the Gromov-Thurston theorem ( [9] , [16] ) states for finite-volume hyperbolic manifolds N, ∂N = 1 Vn V ol (N ), where V n is the volume of a regular ideal simplex in H n . This exhibits hyperbolic volume as a homotopy invariant. In even dimensions, this also follows from Chern-Gauß-Bonnet, which gives proportionality of hyperbolic volume to the Euler characteristic. In odd dimensions, the Euler characteristic is trivial and one might consider simplicial volume as an invariant which "takes the role" of the Euler characteristic.
Homotopy invariance of hyperbolic volume was used by Gromov to give a more topological proof of Mostow's rigidity theorem. In the meantime, various more general rigidity theorems have been proved, again using the simplicial volume. To give an example, Soma proves in [15] that degree-one maps between Haken 3-manifolds of toral boundary restrict to isometries of the hyperbolic pieces in the JSJ-decomposition.
On a finite-volume hyperbolic manifold, there doesn't exist a fundamental cycle actually having l 1 -norm 1 Vn V ol (N ). However, there is a measure cycle, determined on the set of regular ideal simplices, the so-called smearing of a regular ideal simplex, having this norm: after identifying the set of (ordered) regular ideal simplices with Isom (H n ) = Isom + (H n ) ∪ Isom − (H n ), it is the signed measure 1 2Vn (Haar − r * Haar), where Haar is the Haar measure on Isom + (H n ) and r is an orientation-reversing isometry. This measure cycle can be approximated by authentic singular chains, i.e., finite linear combinations of (nonideal) simplices (and this proves the Gromov-Thurston theorem, cf. [2] for details of the proof in the case of closed manifolds).
Technically, the main part of this paper is devoted to the question of to which extent this construction is unique, i.e., whether there exist sequences of fundamental cycles with l 1 -norms converging to 1 Vn V ol (N ) which do not approximate Gromov's smearing construction.
In dimension 2, it is actually easy to see that there are very many different possible limits of such sequences. This is not the case in dimensions ≥ 3. For closed manifolds of dimension ≥ 3, it was shown in [11] by Jungreis that any such sequence must converge to Gromov's smearing cycle. For finite-volume manifolds, there are slightly more possibilities, e.g., finite covers of the Gieseking manifold can be triangulated by ideal simplices of volume V 3 but, as a result of our analysis, we will also obtain severe restrictions on the possible limits for finite-volume manifolds of dimensions ≥ 3. It will turn out that the reason behind this dichotomy between dimension 2 and dimensions ≥ 3 is the elementary fact that in hyperbolic space of dimensions n ≥ 3, a regular ideal (n-1)-simplex is the boundary face of only two regular ideal n-simplices.
The applications are twofold. On the one hand we want to discuss how simplicial volume behaves with respect to cut and paste. On the other hand we are interested in the foliated Gromov norm, which seems to be a good measure for the branching of codimension 1 foliations.
Glueing along boundaries. Consider manifolds M 1 , M 2 , a homeomorphism f : A 1 → A 2 between subsets A i ⊂ ∂M i , and let M = M 1 ∪ f M 2 be the glued manifold. In general, it is hard to compare M to M 1 + M 2 . One can prove "≥" if the A i are incompressible and amenable, and even "=" if, in addition, they are connected components of π 1 ∂M i , cf. [9] and [12] .
Theorem 2: Let n ≥ 3 and let M 1 , M 2 be compact n-manifolds with bound-
incomplete hyperbolic metrics of finite volume with totally geodesic boundaries
The same statement holds if one glues only along some connected components of ∂ 1 M i . One also has an analogous statement if two totally geodesic boundary components of the same hyperbolic manifold are glued by an isometry.
One point of interest in theorem 2 is that it serves, in the case of 3-manifolds, as a main step for a general glueing inequality. In the forthcoming paper [12] , we prove: Theorem: For a compact 3-manifold M DM < 2 M, ∂M holds if and only if ∂M > 0, i.e., if ∂M consists not only of spheres and tori.
Here, DM is the manifold obtained by glueing two differently oriented copies of M via the identity of ∂M . Note that DM ≤ 2 M, ∂M trivially holds.
For the proof of this theorem, one uses theorem 2. Namely, any irreducible 3-manifold with π 1 -injective boundary can be cut (along π 1 -injective tori and annuli) to get pieces which either have vanishing simplicial volume or satisfy the assumption of theorem 2, i.e., admit a hyperbolic metric with totally geodesic boundary and cusps. Arguments in [12] then allow reduction to theorem 2.
Another (direct) corollary from theorem 2 and Mostow rigidity is that (under the assumptions of theorem 2), in dimensions ≥ 4, we get the same inequality for any homeomorphisms f . This theorem seems to be hardly available by topological methods. The same statement in dimension 3 is unlikely to hold: Question: If M 1 , M 2 are hyperbolic 3-manifolds of totally geodesic boundary and f :
This norm, introduced in [4] , seems to quantify the amount of branching of the leaf space (and takes, of course, also the topological complexity of M into account). Calegari proved (for taut foliations of closed 3-manifolds): -M F = M , when the leaf space is branched in at most one direction, and -M F > M for asymptotically separated foliations of hyperbolic manifolds. The first statement generalizes easily to manifolds with boundary. We extend the second statement as follows:
Theorem 3: If the interior of M is a hyperbolic 3-manifold of finite volume which is not Gieseking-like, and if F is an asymptotically separated lamination
Here, M is called Gieseking-like if it has a hyperbolic structure of finite volume such that the cusp set of M contains the cusp set of the Gieseking manifold, i.e., Q √ −3 ∪ {∞} in the ideal boundary of the upper half-space model. A conjecture of Fenley would imply that all foliations of finite-volume hyperbolic 3-manifolds with branching in both directions are asymptotically separated. Hence, theorem 3 suggests a conjectural branching criterion for foliations F on finite-volume hyperbolic 3-manifolds M : F branches in both directions iff M, ∂M < M, ∂M F . As a corollary to theorem 3, one gets a (topological!) criterion to decide whether a surface in a hyperbolic manifold is a virtual fiber:
Corollary 3: If int (M ) is a finite-volume hyperbolic 3-manifold which is not Gieseking-like and F ⊂ M is a compact, properly embedded π 1 -injective surface, then F is a virtual fiber iff M,
This corollary is a reflection of the Thurston-Bonahon dichotomy: F is either a virtual fiber or quasigeodesic.
We want to outline the content of this paper. In chapter 3 we give a definition of "efficient fundamental chains", exhibit them as signed measures µ on the space of regular ideal simplices, show that they are absolute cycles (the boundary "escapes to infinity" for ǫ → 0), and derive ergodic decompositions of µ with respect to certain groups of reflections. Such (different) decompositions exist for all vertices of a fixed simplex ∆ 0 . We show that the decomposition corresponding to the i-th vertex of ∆ 0 uses only the Haar measure and measures determined on the set of simplices having i-th vertex in a parabolic fixed point of Γ. This is used in chapter 4 to prove Theorem 1: if F is a closed, totally geodesic hypersurface in a finite-volume hyperbolic manifold of dimension ≥ 3 and µ is an efficient fundamental cycle, then µ + (S F ) > 0, where S F is the set of simplices intersecting F transversally. To give a rough explanation of the proof: the Haar measure doesn't vanish on S F , hence µ + (S F ) = 0 would imply that µ is determined on the set of simplices with all vertices in parabolic points, contradicting the fact that it must invoke simplices with faces in the cuspless hypersurface F . In chapter 5 theorem 2 is derived from theorem 1. Chapter 6 is devoted to the foliated Gromov norm and the proof of theorem 3.
The simplicial volume of a nonorientable, disconnected manifold is the sum over the connected components of half of the simplicial volumina of the orientation coverings. We will give all proofs for connected, oriented manifolds, since all statements generalise directly. This includes that the orientations of glued manifolds are understood to fit together.
I would like to thank Michel Boileau and Bernhard Leeb for discussions about the content of this paper.
Preliminaries

2.1
Fundamental cycles of hyperbolic manifolds 2.1.1. Straightening of chains: Let p 0 , . . . , p i be points in H n . The straight simplex (p 0 , . . . , p i ) is defined as the barycentric parametrization of the geodesic simplex having vertices p 0 , . . . , p i . For a simplex σ in H n , we denote by Str(σ) the straight simplex with the same vertices as σ. A straight simplex in a hyperbolic manifold N = Γ\H n is the image of a straight simplex in H n under the projection p : H n → Γ\H n = N . For a simplex σ in N , its straightening Str (σ) is defined as p (Str (σ)), whereσ is a simplex in H n projecting to σ. Since straightening in H n commutes with isometries, the definition of Str (σ) doesn't depend on the choice ofσ.
Finally, the straightening of a singular chain c= r j=1 a j σ j is defined as Str (c) = r j=1 a j Str (σ j ). Str (c) is homologous to c, and it is obvious that straightening doesn't increase the l 1 -norm of singular chains.
Lemma 1 : Any (relative) singular cycle i∈I a i σ i is (relatively) homologous to a (relative) singular cycle j∈J a j σ j , with J ⊂ I, such that all σ j with j ∈ J are nondegenerate.
Proof:
Take K ⊂ I such that {σ k : k ∈ K} are all degenerate simplices. We claim that k∈K a k σ k is (relatively) 0-homologous. For this, it is sufficient to show that it is a (relative) cycle, since it is obvious that integrating the volume form over degenerate simplices gives zero.
The degenerate faces of k∈K a k σ k cancel each other (relatively), since they cancel in ∂ ( i∈I a i σ i ) and they can't cancel against faces of nondegenerate simplices.
The nondegenerate faces of degenerate simplices cancel anyway: if (a, v 1 , . . . , v n ) and (b, v 1 , . . . , v n ) are nondegenerate faces of a degenerate simplex, then necessarily a = b. Thus this face contributes twice to the boundary, with opposite signs.2
Simplices of maximal volume:
Let V n be the volume of a regular ideal n-simplex in H n . By [10] , any straight n-simplex σ satisfies V ol (σ) ≤ V n and equality is achieved only for regular ideal simplices.
Given two regular ideal n-simplices ∆ 0 and ∆ with fixed orderings of their vertices, there is a unique g ∈ Isom (H n ) mapping ∆ 0 to ∆.
Hence, the set of ordered regular ideal n-simplices identifies (in a noncanonical way) with Isom (H n ), and we can use such an identification to define a projection q : Isom (H n ) → {regular ideal simplices} which forgets the order of vertices.
Straight chains as measures:
The set of nondegenerate, possibly ideal, straight i-simplices in N = Γ\H n is
Straight singular chains c = r j=1 a j σ j ∈ C i (N ; R), with all σ j nondegenerate, can be considered as discrete signed measures on SS i (N ) defined by
The boundary operator extends in the obvious way.
Lemma 2 : Let N be a hyperbolic manifold. Then SS n (N ) is metrizable.
Proof:
We have to show that Γ-orbits on Π n j=0 H n − D are closed, D being the set of degenerate straight simplices. On the complement of Π n j=0 ∂ ∞ H n this follows from proper discontinuity of the Γ-action on H n .
To any n-tupel (v 0 , . . . , v n−1 ) ∈ Π n−1 j=0 ∂ ∞ H n of distinct points corresponds a unique v n ∈ ∂ ∞ H n such that (v 0 , . . . , v n ) is a positively oriented regular ideal nsimplex. Together with 2.1.2., we get a Γ-equivariant homeomorphism Π
2.2
Ergodic theory on Isom + (H n )
Preliminaries from measure theory:
If µ is a signed measure on a metric space X, define the weak-*-norm µ as the supremum of µ (f ) over all continuous, compactly supported functions f of sup-norm ≤ 1. By Alaoglu's theorem, any weak-*-bounded sequence of signed regular measures on a locally compact metric space has an accumulation point in the weak-*-topology.
If µ is the weak-*-limit of a sequence of measures µ n , then µ (U ) ≤ lim inf µ n (U ) holds for any open set U . For the proof, see lemma 3.2. in [6] .
A (possibly not measurable) set M ⊂ X is called a determination set of µ if µ (U ) = 0 for all U ⊂ X − M . µ is then said to be determined on M .
Ergodic decomposition: Lemma 3 : Let a group G act on a complete separable metric space X. If there exists a G-invariant probability measure on X, then the set E of ergodic G-invariant measures on X is not empty and there is a decomposition map β : X → E.
Here, we have endowed E with the smallest σ-algebra A such that, for all Borel sets A ⊂ X, the map f A : E → R defined by f A (µ) := µ (A) is measurable. A decomposition map β : X → E is a G-invariant map which is measurable with respect to A, satisfies e ({x ∈ X : β (x) = e}) = 1 for all e ∈ E and, for all G-invariant probability measures µ and Borel sets A ⊂ X
holds. For a proof, see theorem 4.2. in [18] .
Isometry group of hyperbolic space:
The Iwasawa decomposition G = KAN of G = Isom + (H n ) can be constructed as follows: fix some v ∞ ∈ ∂ ∞ H n and some p ∈ H n . Then we may take K to be the group of isometries fixing p, A the group of translations along the geodesic through p and v ∞ , and N the group of translations along the horosphere through p and v ∞ . We will consider the natural right-hand action of N on G = KAN . From [5] follows:
Lemma 4 : Let G=KAN be the Iwasawa decomposition of a simple Lie group of R-rank 1, e.g., G = Isom + (H n ), and Γ ⊂ G a discrete subgroup of finite covolume. If µ is a finite N-invariant ergodic measure on Γ\G, then µ is either a multiple of the Haar measure or it is determined on a compact N -orbit.
Discrete unipotent actions:
For completeness, we give the proof of the following lemma, which is similar to theorem 4.4. of [6] : Proof: By Moore-equivalence, ergodic measures for the N ′ -action on Γ\G correspond to ergodic measures for the action of Γ on G/N ′ . Consider, therefore, µ as a measure on G/N ′ , ergodic with respect to the Γ-action. Let pr : G/N ′ → G/N be the projection. Since N/N ′ is compact, we have a locally finite measure pr * µ on G/N which is easily seen to be ergodic with respect to the Γ-action. By lemma 4 and Moore-equivalence, pr * µ must either be the Haar measure or correspond to an N -invariant measure on Γ\G which is determined on a compact orbit Γ\ΓgN ⊂ Γ\Isom (H n ).
If pr * µ = Haar measure, it follows easily that µ is absolutely continuous with respect to the Haar measure and then one gets, from ergodicity of the Γ-action (theorem 7 in [13] ), that µ is a multiple of the Haar measure.
In the second case, pr * µ must be determined on the Γ-orbit of some gN ∈ G/N . Therefore, µ is determined on the Γ × N -orbit of gN ′ ∈ G/N ′ . By Mooreequivalence we get a measure determined on the compact N -orbit. 2 
Decompositions of efficient fundamental cycles
For a closed hyperbolic manifold, we know that N = 1 Vn V ol (N ). In particular, for any ǫ > 0, there is some fundamental cycle c ǫ satisfying c ǫ ≤ N + ǫ Vn . By 2.1.1., we can replace c ǫ by a straight chain consisting of nondegenerate simplices, without increasing c ǫ . To speak about limits of sequences of c ǫ , one has to regard them as elements of some space with compact balls, namely the space of signed measures on SS n (N ) = Γ\ Π n j=0 H n − D with the weak-*-topology, as in 2.1.3. (The reader might wonder why we don't consider them as signed measures on Γ\ Π n j=0 H n − D , where balls are still weak-*-compact. The point is that in this space, the weak-*-limits of the c ǫ would just be trivial measures, what doesn't imply much.) Jungreis results from [11] , for closed hyperbolic manifolds of dimension ≥ 3, can be phrased as follows: -any sequence of c ǫ with ǫ → 0 converges, -the limit µ is determined on the set of regular ideal simplices, to be identified with Isom (H n ), and -up to a multiplicative factor one has µ = µ + − µ − with µ + the Haar measure on Isom + (H n ) and µ − = r * µ + for an arbitrary orientation reversing r ∈ Isom (H n ).
For finite-volume hyperbolic manifolds, there arises a technical problem: we wish to consider chains representing the relative fundamental class of a manifold with boundary, but we have a hyperbolic metric (and a notion of straightening) only on the interior. In the following, we will get around this problem and analyse the possible limits.
In what follows, we will assume ǫ to be smaller than the Margulis constant. This guarantees the existence of a homeomorphism 
Proof:
Considering some sequence of c ǫ with ǫ → 0, we may by 2.1.1. assume that all c ǫ invoke only straight nondegenerate simplices. Thus, we may regard singular straight chains as signed measures on the locally compact metric space SS n (N ), see 2.1.3. The sequence c ǫ is bounded by its definition and, hence, 2.2.1. guarantees the existence of a weak-*-accumulation point µ.
2
Definition 2 : For a differentiable simplex σ : ∆ n → N and x ∈ N , define
and, for a singular chain c = 
It is easy to see, cf. [1] , that N [0,ǫ] is convex in the following sense: if 
The point x is contained in the image of finitely many (n-1)-simplices κ 1 , . . . , κ k , which are boundary faces of some τ i 1 , . . . , τ i k . (Note that the τ i j 's needn't be distinct and that there might be further τ i 's containing x in the interior of their image.) Since ∂ r i=1 a i τ i invokes only simplices whose image is contained in N [0,ǫ] , we necessarily have that all τ i 1 , . . . , τ i k cancel each other, i.e., there is a partition of {i 1 , . . . , i k } in some subsets, such that for each of these subsets of indices the sum of the corresponding coefficients a i j , multiplied with a sign according to orientation of τ i j , adds up to zero.
This clearly implies that Φ . is constant in the intersection of a small neighborhood of x with the complement of K and, hence, also constant on all of N [ǫ,∞] −K.
We now prove that this constant doesn't depend on the representative of the relative fundamental class. This implies that the constant must be 1, since one can choose a triangulation as representative of the relative fundamental class.
If
. Because ∂Str (w) is a cycle, the same argument as above gives that Φ . (∂Str (w)) is a.e. constant on all of N . The constant must be zero, since ∂Str (w) has compact support in the noncompact manifold N . That means that Φ x (c ǫ ) − Φ x (c ′ ǫ ) = Φ x (Str (t)) for almost all x ∈ N . But, from the convexity of N [0,ǫ] , we get
Lemma 8 : An efficient fundamental chain is determined on the set of straight simplices of volume V n .
Proof: From lemma 7, we conclude
algvol (σ i ) is V ol (σ i ) with a sign according to orientation. In particular,
On the other hand, we want c ǫ = a i σ i to satisfy V n | a i |< V ol (N ) + ǫ. Substracting the two inequalities yields
Denoting the set of straight simplices of volume smaller than V n − ǫ ′ as S ǫ ′ , we now derive lim ǫ→0 c ǫ (S ǫ ′ ) = 0, which implies the claim of lemma 8 by the openness of S ǫ ′ and 2.2.1. To calculate lim ǫ→0 c ǫ (S ǫ ′ ), we have: 
Denote by T i ǫ (N ) the set of (possibly ideal) i-simplices intersecting N [ǫ,∞] . For all ǫ ′ < ǫ, we get by the convexity of
When ∂µ ± is a weak-* accumulation point of a sequence ∂c ± ǫ , we conclude ∂µ ± (B) = 0 for all measurable sets B contained in some T n−1 ǫ (N ) by 2.2.1., since we may consider them as subsets of an open set still contained in some slightly larger
is the set of all (even ideal) (n-1)-simplices, hence the claim of the lemma. 2 Remark: In the case of closed manifolds, this lemma is, of course, an immediate consequence of the fact that ∂ is a bounded operator.
We have got that µ ± are measure cycles determined on the set of regular ideal simplices. After fixing some regular ideal simplex ∆ 0 in H n , 2.1.2. gives us an Isom (H n )-equivariant projection from Γ\Isom (H n ) to the set of all regular ideal simplices in Γ\H n . We use this projection to consider efficient fundamental cycles as measures on Γ\Isom (H n ) or, equivalently, as measures on the space of ordered regular ideal simplices. (Actually, we will in the following chapters only be concerned with the restrictions of µ ± to Isom + (H n ), i.e., to the space of positively oriented ordered regular ideal simplices. It follows from lemma 10 below that µ is determined by µ | Isom + (H n ) .)
Since we have an ordering of the vertices of a simplex ∆, we can speak of the i-th face of ∆, the codimension 1-face not containing the i-th vertex.
Definition 3 : Fix a regular ideal simplex ∆ 0 and, for i = 0, . . . , n, let r i be the reflection in the i-th face of ∆ 0 . Let R ⊂ Isom (H n ) be the subgroup generated by r 0 , . . . , r n and let R + = R ∩ Isom + (H n ).
Lemma 10 : For n ≥ 3, efficient fundamental chains are invariant under the right-hand action of R + on Γ\Isom (H n ).
Note: If ∆ = g∆ 0 for some g ∈ Γ\Isom (H n ), then the reflection s i in the i-th face of ∆ maps ∆ = g∆ 0 to g (∆ 0 r i ) = ∆r i . In other words, the choice of another reference simplex changes the identification with Isom (H n ) by left multiplication with g ∈ Isom (H n ), but doesn't alter the right-hand action of R + on Isom (H n ). This implies that the truth of lemma 10 is independent of the choice of ∆ 0 .
Lemma 10 follows from
Lemma 11 : In dimensions n ≥ 3, a signed measure µ on the set of maximal volume simplices is a cycle iff r * i (µ) = −µ for all i = 0, . . . , n.
Proof: If n ≥ 3, then for any ordered regular ideal (n-1)-simplex τ , there are exactly two ordered regular ideal n-simplices, τ . But, clearly, any measurable set of ordered regular ideal n-simplices is the union of two sets having this form for suitable measurable sets, so the claim follows.
2 Remark: A different proof of the same fact is given in lemma 2.2. of [11] .
Let v be an ideal vertex of the reference simplex ∆ 0 . Let N v ⊂ Isom + (H n ) be the subgroup of parabolic isometries fixing v. As in 2.2.2., we may consider N v as the N -factor in the Iwasawa decomposition
(That means we use v and some arbitrary p ∈ H n to construct the Iwasawa decomposition. In the following, we will fix some arbitrary p ∈ H n but consider various v ∈ ∂ ∞ H n , therefore the labelling of the Iwasawa decompositions.)
Instead of R + , we consider only the subgroup T ′ v generated by products of even numbers of reflections in those faces of ∆ 0 which contain v. µ is, of course, also invariant under the smaller group T ′ v . If n ≥ 4, then T ′ v contains a dense subgroup of N v and, thus, µ is N v -invariant. If n=3, then T ′ v contains a subgroup T v which is a cocompact subgroup of N v (this is easy to see, cf. [11] ). Thus, in any case, we have proved that µ is invariant under some cocompact lattice
The signed measure µ decomposes as a difference of two measures µ + and µ − . Both are invariant under the right-hand action of T v . Hence, we can apply the discussion from 2.2. From lemma 3, we get that the probability measures µ ± , obtained by rescaling the restrictions of µ ± to Γ\Isom + (H n ), have decomposition maps with respect to the action of T v ,
Here, E is the set of ergodic T v -invariant measures on Γ\Isom + (H n ). From lemma 5, we get that E consists of Haar (the Haar measure, rescaled to a probability measure) and measures determined on compact N v -orbits.
Lemma 12 : If an orbit gN v is compact in
Γ\Isom (H n ), then all simplices gn∆ 0 with n ∈ N v have the ideal vertex gv in a parabolic fixed point of Γ.
Proof:
Parametrise elements of N v as u (s) , s ∈ R n−1 (identifying a stabilized horosphere with euclidean (n-1)-space). The N v -orbit of g on Γ\Isom (H n ) is compact if and only if, for all s ∈ R n−1 , one finds γ ∈ Γ and t ∈ R such that gu (ts) = γg. This γ is then conjugated to u (ts) and, in particular, is parabolic, i.e., has only one fixed point. The fixed point of γ must be g (v), since γg (v) = gu (ts) (v) = g (v).
To summarize, we have the following statement: For any vertex v of the reference simplex ∆ 0 , the ergodic decomposition of the rescaled µ ± with respect to the right-hand action of T v uses the Haar measure and measures determined on the set of those simplices g∆ 0 which have the vertex gv in a parabolic fixed point of Γ. Here, a simplex σ is said to intersect F transversally if it intersects both components of any regular neighborhood of F .
Lemma 13 : If F is a two-sided totally geodesic codimension-1-submanifold, then
S n F ∩ {regular ideal simplices} ⊂ {regular ideal simplices} has positive Haar measure.
Proof:
It is easy to see that S n F ∩ {regular ideal simplices} is an open, nonempty subset of {regular ideal simplices}. Proof: Rescale µ + = 0 to a probability measure µ + . Assume for some totally geodesic surface F we had µ + (S n F ) = µ + (S n F ) = 0. Let v be a vertex of the reference simplex ∆ 0 . Using the ergodic decomposition with respect to the T v -action on Γ\G = Γ\Isom + (H n ) yields
By lemma 13 Haar (S n F ) = 0 and, thus,
We will conclude that µ + is determined on S n cusp by means of lemma 14, which we state separately because it will be of independent use in chapter 6. Proof: Let A i = {g ∈ Γ\G : gv i is cusp of Γ} and
, where the second equality holds by lemma 12 ("⊂") and by vol (Γ\G) < ∞ ("⊃").
If e is a T v i -ergodic measure determined on a compact N v i -orbit, then
Thus (abbreviating β g := β v i (g)),
and, therefore,
We are now going to finish the proof of theorem 1: We know (from the proof of lemma 7) that
. F is a closed totally geodesic hypersurface. Therefore F ⊂ N [ǫ,∞] for sufficiently small ǫ. We conclude Φ x (c + ǫ ) ≥ 1 for all x ∈ F . For x ∈ N let S n x be the set of straight n-simplices ∆ containing x in their image. Define R := Vn inj(N ) > 0. A straight n-simplex can't cover x more than R times, hence c + ǫ (S n x ) ≥ 1 R for all x ∈ F . We claim that this implies
for all x ∈ F . Namely, since the complement of S n x is open, we can apply 2.2.1. to get
H n − D , choose (for some fixed ǫ 1 < ǫ 2 ) a continuous function f with values in [0, 1] which is zero on S ǫ 1 and is one on the complement of S ǫ 2 , where S ǫ i is the set of simplices of volume smaller than ǫ i as in the proof of lemma 8. f has compact support (this is by the way the point where we use that we are working on Π n j=0 H n − D rather then Π n j=0 H n − D). Hence, µ + (f ) − c + ǫ (f ) tends to zero by the definition of weak-*-convergence. But µ + Γ\ Π n j=0 H n − D equals µ + (f ) and the difference between c + ǫ Γ\ Π n j=0 H n − D and c + ǫ (f ) is certainly smaller than c + ǫ (S ǫ 2 ), which tends to zero by the argument in the proof of lemma 8. Thus, for sufficiently small ǫ the difference µ + Γ\ Π n j=0 H n − D − c + ǫ Γ\ Π n j=0 H n − D becomes as small as one wishes. Hence µ + (S n x ) ≥ 1 R . But F is totally geodesic and so the set of straight simplices containing some x ∈ F consists of two kinds of simplices:
-simplices intersecting F transversally, and -simplices with a vertex in F. µ + vanishes on the second set, since it is determined on S n cusp and the closed totally geodesic hypersurface F can't have cusps. Thus, we obtain
Acylindrical hyperbolic 3-manifolds
If M is a hyperbolic manifold, define its convex core to be the minimal closed convex subset of M whose embedding induces a homotopy equivalence. The boundary of the convex core is a hyperbolic surface which, in general, will be pleated. M is said to "have totally geodesic boundary" if the convex core is homeomorphic to M and its boundary is totally geodesic. Note that we admit that the convex core may have cusps. For example, a hyperbolic 3-manifold admits a hyperbolic metric with totally geodesic boundary if and only if it is acylindrical and the boundary is incompressible, cf. theorem 3 in [17] . Note that the totally geodesic boundary (as well as the boundary of the convex core of any geometrically finite hyperbolic 3-manifold) consists of all non-torus components of the topological boundary ∂M . Although hyperbolic structures of infinite volume are not rigid, it follows easily from Mostow's rigidity theorem that on a manifold of dimension ≥ 3, there can be at most one hyperbolic metric g 0 admitting totally geodesic boundary. In particular, the volume of the convex core with respect to the metric g 0 is a topological invariant. Actually, it was shown in [3] that g 0 minimizes the volume of the convex core among all hyperbolic metrics on M.
Lemma 15 : Let M be a compact 2-manifold with boundary
∂M = ∂ 0 M ∪ ∂ 1 M , such that M − ∂ 0 M admits
an incomplete hyperbolic metric of finite volume with totally geodesic boundary
Proof: It is well-known that any (possibly bounded) surface of non-positive Euler characteristic satisfies M, ∂M = −2χ (M ). By the Gauß-Bonnet-formula, this is the same as
Corollary 1 : Let n ≥ 3 and let M be a compact n-manifold with boundary
Vn V ol (M ) follows from the familiar argument that fundamental cycles can be straightened to invoke only simplices of volume smaller than V n or, equivalently, from the trivial inequality DM ≤ 2 M, ∂M .
Suppose we had equality. Glue two differently oriented copies of M via id | ∂M to get N = DM . The incomplete metrics can be glued along the totally geodesic boundary and, hence, we have that N is a complete hyperbolic manifold of finite volume V ol (N ) = 2V ol (M ). A relative fundamental cycle for M of norm smaller than By lemma 6, we have some accumulation point µ of {c ǫ } for a sequence of ǫ tending to zero. Similarly to lemma 13, it is easy to see that S n ∂M is open in SS n (N ). Hence, we can apply 2.2.1. to get µ + (S n ∂M ) = 0. But this contradicts theorem 1. 
incomplete hyperbolic metrics of finite volume with totally geodesic boundaries
∂ 1 M i . If ∂ ′ 1 M i ⊂ ∂ 1 M i are non-empty sets of connected components of ∂ 1 M i , f : ∂ ′ 1 M 1 → ∂ ′ 1 M 2 is an isometry, and M = M 1 ∪ f M 2 , then M, ∂M < M 1 , ∂M 1 + M 2 , ∂M 2 (b) Let n ≥ 3 and let M 0 be a compact n-manifold with boundary ∂M 0 = ∂ 0 M 0 ∪ ∂ 1 M 0 , such that M 0 − ∂ 0 M 0
admits an incomplete hyperbolic metric of finite volume with totally geodesic boundary
∂ 1 M 0 . If ∂ ′ 1 M 0 ⊂ ∂ 1 M 0 is a non-empty set of connected components of ∂ 1 M 0 , and f : ∂ 1 M 0 → ∂ 1 M 0 is an orientation- reversing involutive isometry of ∂ ′ 1 M 0 exchanging the connected components by pairs, then, letting M = M 0 /f , M, ∂M < M 0 , ∂M 0 .
Proof:
(a) The incomplete hyperbolic metrics on M 1 and M 2 glue together to give a complete hyperbolic metric on M of volume V ol (M ) = V ol (M 1 )+V ol (M 2 ). By the Gromov-Thurston theorem, we know that M, ∂M = If f :
Since the totally geodesic boundary is a hyperbolic manifold of dimension ≥ 3, f is homotopic to an isometry g by Mostow rigidity. By homotopy equivalence,
Branching of laminations
In this chapter, we always consider 3-dimensional manifolds M with π 1 -injective boundary ∂M . We will always consider foliations/laminations, which are either transversal to ∂M or contain ∂M as a leaf. In particular, one always has a corresponding foliation/lamination on the double DM . For more background on the Gromov norm of foliations (and foliations in general), we refer to [4] .
Definition 6 : Let M be a manifold, possibly with boundary, and F a lamination of M. Define
Here, a simplex σ is said to be transversal to the lamination F, if the induced lamination F | σ is topologically conjugate to the subset of a foliation of σ by level sets of an affine map f : σ → R.
Remark: If F is not transversal to ∂M (nor contains ∂M as a leaf), then M, ∂M F = ∞. Otherwise the foliated Gromov norm is finite.
A typical example for non-transversality of a tetrahedron ∆ to a lamination F is the following: let e 1 , e 2 , e 3 be the three edges of a face τ ⊂ ∆. If F | τ contains three lines which connect respectively e 1 to e 2 , e 2 to e 3 and e 3 to e 1 , then ∆ can't be transversal to F.
Call a foliation (of a manifold with boundary) taut if it contains a circle or an arc, transversal to ∂M , which intersects every leaf transversally. That means simply that the glued foliation of the double DM is taut in the usual sense. Leaves of taut foliations are π 1 -injective. This follows for closed manifolds from Novikovs theorem, since taut foliations have no Reeb component and, for manifolds with boundary it is easily deduced by doubling (using the injectivity of
For a foliation finitely covered by the product foliation of S 2 × S 1 , the leaf space of the pull-back foliationF on the universal coverM is clearly the real line R. Otherwise, by the Reeb stability theorem applied to the double DM , no leaf is a sphere. Hence, π 1 -injectivity of the leaves implies that (the interior of)M is foliated by planes. By Palmeira's theorem in [14] , we conclude that int(M ) is homeomorphic to R 3 and that, up to homeomorphism,F is a foliation of R 3 by planes, where every plane is properly embedded and separates R 3 into two half-spaces. Hence, we can apply [8] to equip the leaf space ofF with the structure of an order tree, where the vertices correspond to the leaves and two vertices are joined by a segment if there is a transversal arc joining the corresponding leaves. (Compare [8] for the definition of "order tree".)
F is then called R-covered, one-sided branched, or two-sided branched according to whether the leaf space ofF, considered as an order tree, is R, branched in one direction, or branched in both directions. For example, perturbations of surface bundles over S 1 are R-covered.
Since an order tree is orientable, we get a partial order on the set of leaves. Two leaves are called comparable if they are comparable with respect to this partial order, i.e., if there is a transversal arc in M joining them.
Lemma 16 : If F is a sublamination of an R-covered or one-sided branched taut foliation on a 3-manifold M , then
M, ∂M = M, ∂M F .
Proof:
This is shown in lemmata 2.2.4. and 2.6.5. of [4] , assuming that M is closed. However, the proof works also for manifolds with boundary.
Indeed, since ∂M is either transversal to F or is a leaf of F, the straightening defined in lemma 2.2.3. of [4] , for chains with vertices on comparable leaves, is the identity on C * (∂M ). This implies, in particular, the claim for R-covered foliations. In the case of one-sided branching (say in positive direction), the argument in 2.6.5. of [4] was then to isotope a chosen lift of the finite singular chain inM in the negative direction until its vertices are on comparable leaves. (This has to be done π 1 M -equivariantly in the sense that the projection to M stays a relative cycle.) If ∂M is a leaf of F, then one can leave all vertices on ∂M fixed and only isotope the other vertices. If ∂M is transversal to F, the isotopy can clearly be performed in such a way that vertices on ∂M are isotoped inside ∂M .
Hence, in any case, the straightening maps C * (∂M ) to C * (∂M ) and, by the five lemma, it induces the identity map in relative homology. Thus, it maps relative fundamental cycles to relative fundamental cycles transversal to F, not increasing the l 1 -norm. We include a proof of the following well-known lemma, for lack of an explicit reference and because it might help to understand the idea behind theorem 3.
Lemma 17 : If F is an asymptotically separated lamination of a finite-volume hyperbolic manifold M = Γ\H n , then F is two-sided branched.
Proof: Let F be the leaf ofF , satisfying that there exist half-spaces U 1 and U 2 in its complement. Let H be the complement of U 1 (i.e. F ⊂ H) and let H 1 and H 2 be disjoint half-spaces in U 2 . It is well-known (e.g., as a consequence of ergodicity of the geodesic flow) that, in a finite-covolume subgroup Γ ⊂ Isom + H 3 , to any given disk D ⊂ ∂ ∞ H 3 , one finds loxodromic isometries with both fixed points in this disk. Let α 1 resp.α 2 be such loxodromic isometries with fixed points in ∂ ∞ H 1 resp. ∂ ∞ H 2 . Loxodromic isometries map any set in the complement of a neighborhood of the repelling fixed point, after sufficiently many iterations, inside any neighborhood of the attracting fixed point. Hence, replacing α 1 and α 2 by sufficiently large powers, we get that
SinceF is Γ-invariant, we have found incomparable leaves α 1 (F ) and α 2 (F ) above F and, by analogous arguments, we also get incomparable leaves below F . 2 Remark: A conjecture of Fenley would imply that a foliation is two-sided branched if and only if it is asymptotically separated, see the discussion in chapter 2.6. of [4] . Namely, Calegari proves that a two-sided branched foliation (on an arbitrary hyperbolic manifold) either is asymptotically separated or the leaves have as limit sets all of ∂ ∞ H 3 . On the other hand, Fenley conjectures that for foliations of finite-volume hyperbolic manifolds which are transversal to the boundary, the limit set of a leaf can be all of ∂ ∞ H 3 only if F is R-covered.
In the following, we will call a 3-manifold Gieseking-like if it has a hyperbolic structure M = Γ\H 3 of finite volume such that Q (ω)∪{∞} ⊂ ∂ ∞ H 3 are parabolic fixed points of Γ. Here, we have used the upper half space model of H 3 , and identified the ideal boundary with C ∪ {∞}. ω = is the 4th vertex of a regular ideal simplex with vertices 0, 1, ∞. One doesn't know any example of a Gieseking-like manifold which is not a finite cover of the Gieseking manifold (communicated to the author by Alan Reid). 
Let F be a leaf which has the property in the definition of "asymptotically separated", i.e., there are half-spaces U 1 and U 2 in disjoint components of H 3 − F . We choose in U 2 two smaller disjoint half-spaces H 1 and H 2 . Like in lemma 17, one finds loxodromic isometries α 1 ∈ Γ with both fixed points in H 1 and α 2 ∈ Γ with both fixed points in H 2 . Replacing, if necessary, α 1 and α 2 by sufficiently large powers, we arrange that α 1 (U 2 ) ⊂ H 1 and α 2 (U 2 ) ⊂ H 2 , and that F, α 1 (F ) , α 2 (F ) are disjoint. Letting D 0 = U 2 , D 1 = α 1 (U 2 ), and, D 2 = α 2 (U 2 ), the remark after definition 6 tells us that there is no tetrahedron transversal toF with one vertex in each of D 0 , D 1 and D 2 .
For the convenience of the reader, we first explain the proof for closed manifolds. Assume that we have straight fundamental cycles c ǫ , transversal to F, with c ǫ < M +ǫ, and that µ is the weak-*-limit of Now suppose we had the equality M, ∂M = M, ∂M F . We will stick to the notations of chapter 3 and 4. Take some transversal relative fundamental cycle c ′ ǫ of norm smaller than M, ∂M +ǫ and make it, via the homeomorphism h ǫ , to a relative fundamental cycle d ǫ = h ǫ * (c ′ ǫ ) of the ǫ-thick part, which is transversal to the foliation h ǫ (F). We may arrange h ǫ to be the identity on the ǫ ′ -thick part for ǫ ′ close to ǫ. Then, the lift of d ǫ to H 3 is transversal toF outside H ǫ ′ . By choosing ǫ sufficiently small, one may make this exceptional set H ǫ ′ as small as one wishes.
Decompose V as a countable union On the other hand, U has nontrivial Haar measure. Indeed, Isom + H 3 corresponds to ordered triples of points in ∂ ∞ H 3 , because any such ordered triple is the set of first three vertices for a unique ordered regular ideal simplex. Hence, the set of positive regular ideal simplices, with v i ∈ ∂ ∞ D i for i = 0, 1, 2, corresponds to an open set of positive Haar measure in Isom + H 3 . Clearly, a discrete subgroup of Isom + H 3 has a countable number of parabolic fixed points. Thus, U has positive Haar measure.
Recall the notation from chapter 4: v ∈ ∂ ∞ H 3 is an arbitrary vertex of the reference simplex ∆ 0 and β v (g) is the ergodic component of g ∈ Γ\G with respect to the T v -action. We define H v = {g ∈ Γ\G : β v (g) = Haar} .
Haar (U ) = 0 implies µ ± (H v ) = 0. Indeed, from lemma 12 (and lemma 5) we know that the complement of H v in the set of regular ideal simplices is the set of simplices g∆ 0 with the vertex gv in a parabolic fixed point of Γ. Γ has a countable number of parabolic fixed points and, therefore, this complement is a set of trivial Haar measure. Thus, Haar (U ∩ H v ) = Haar (U ) > 0 and we apply the ergodic decomposition from chapter 4 to get
This discussion applies to all vertices v i of the reference simplex ∆ 0 . By lemma 14, we can conclude that µ ± are determined on S 3 cusp . In particular, since µ = 0, there necessarily are regular simplices with all vertices in parabolic fixed points. By lemma 10, µ is invariant up to sign under the right-hand action of the regular ideal reflection group R (defined in chapter 3). Hence, there must even be a R-invariant family of regular ideal simplices with vertices in parabolic fixed points. That means, after conjugating with an isometry, Q (ω) ∪ {∞} must be parabolic fixed points of Γ. 2
A surface F in a 3-manifold M is called a virtual fiber if there is some finite cover p : M → M and some fibration F → M → S 1 with F isotopic to p −1 (F ). A theorem of Thurston and Bonahon asserts that a properly embedded compact π 1 -injective surface in a finite-volume hyperbolic 3-manifold is either quasigeodesic or a virtual fiber. Proof: Again, the case of closed M is due to Calegari, cf. theorem 4.1.2. in [4] . If F is (virtually) the fiber of a fibration over S 1 , the claim follows from lemma 16. If not, F ⊂ M must be a quasigeodesic surface in virtue of the Thurston-Bonahon theorem. In particular, it remains in bounded distance from some totally geodesic surface. Hence, F forms an asymptotically separated lamination and we can apply theorem 3.
